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Abstract—Millimeter-accuracy Ultra-Wideband (UWB) posi-
tioning systems using the Time Difference Of Arrival (TDOA)
algorithm are able to be utilized in military and many other
important applications. Previous research on UWB positioning
system has achieved up to mm or sub-mm accuracy. However,
one bottleneck in UWB system is at sampling high resolution
UWB signals, as well as high resolution timing information.
In this paper, UWB positioning systems are surveyed and we
focus on sampling methods for handling UWB signals. Among
different sampling methods, one traditional way is the sequential
sampling method, which is not a real time sampling method
and blocks UWB positioning system to achieve higher precision.
Another way is by applying Compressed Sensing (CS) to UWB
system for achieving sub-mm positioning accuracy. In this paper,
we compare different TDOA-based UWB systems with different
sampling methods. In particular, several CS-UWB algorithms for
UWB signal reconstruction are compared in terms of positioning
accuracy. Simulation results in 2D and 3D experiments demon-
strate performance of different algorithms including typical BCS,
OMP and BP algorithms. CS-UWB is also compared with UWB
positioning system based on the sequential sampling method.

I. I NTRODUCTION

High accuracy indoor positioning system is becoming an
increasingly critical in many wireless applications wherelo-
cation is of high importance, e.g., personnel tracking and
monitoring in office environments, tracking of patients and
high value assets in hospitals, and indoor Robert navigation.
One typical application is the remotely controlled Robert
surgery system which requires real time wireless mm or sub-
mm accuracy. The higher the accuracy, the greater value the
positioning system to both users and suppliers. The ultra-
wideband (UWB) technology can be used to track a moving
target within mm level accuracy since the transmitted signal
has an extremely short duration (typically in the order of sub-
nanosecond), which can provide ultra high resolution timing
information. Angle Of Arrival (AOA) and Time Difference Of
Arrival (TDOA) algorithms can be exploited to achieve good
3D positioning accuracy. However, one big challenge in UWB
positioning systems is how to obtain high resolution timing
information.

The previous UWB positioning system [27] [28] using
sequential sampling method can achieve sub-cm accuracy. Fig.
1 illustrates the GPS-similar 3D indoor Robert UWB position-
ing system for the application of remotely controlled Robert
surgery. A transmitter, calledthe tag, periodically sends out
ultra short duration pulses (about 300-ps duration) at a certain
frequency which is known at receiver sides. Surrounding the
tag, four receivers, calledbase stations (BS), can receive the

transmitted UWB pulses. Due to geometrical difference, the
pulse arrival time at difference base stations are also different.
TDOA algorithm is then exploited to calculate the position of
the tag. In order to obtain high resolution timing information,
we adopted a sequential sampling method to acquire UWB
signals. The basic idea is to utilize a sampling clock at base
station which has a small offset compared with the pulse
repetition frequency for UWB signal acquisition. Then one
period of UWB signal can be composed by many periods of
original signals since the received UWB signal is regarded to
be repetitive at a fixed pulse repetition frequency [27]. How-
ever, the sequential sub-sampler suffers from many problems
to achieve higher accuracy. One of the biggest problem is that
it will enlarge the geometrical error since it is not a real time
signal acquisition method. In order to achieve an ultra-high
positioning accuracy in real time with the TDOA algorithm,
we have to utilize a real time sampling method. However,
ultra-high sampling rate ADCs for UWB signal acquisition are
either commercially unavailable or unaffordable expensive.

Compressed sensing (CS) theory [32] can be applied to
UWB systems to alleviate the sampling problem. The previous
research has applied CS into UWB systems for UWB signal
acquisition with a low sampling rate [29] [25] [2] [23] [9] [15]
[19]. A joint space-time Bayesian Compressed Sensing (BCS)
algorithm [33] [35] [23] can be utilized for UWB positioning
systems but it is complicated and does not exploit pulse
template redundancy in UWB signals. Other related studies
in [18] focus on UWB signal acquisition using traditional CS
algorithms. Authors in [31] [30] developed a general joint
signal reconstruction algorithm which may be utilized for
joint UWB signal reconstruction in UWB positioning systems.
However, those algorithms are for a general case which do not
consider any template redundancy in UWB signals. In [22],
the CS algorithm has been modified for reconstructing pulse
stream signal. In [34], CS theory is applied to positioning
systems. Other most recent development on UWB positions
are in [7] [8] [26]. However, it is performed in the frequency
domain. Another disadvantage for CS is its computational
complexity, which blocks it applying into more applications
such as UWB wireless communications [24] [3] [5] [17] [19]
[20]. And, computation acceleration optimization for CS and
BCS have been developed to speedup computation [4] [6] [10]
[12] [21] so that UWB systems can take advantages of CS
algorithms.

This paper surveys recent progress of UWB positioning sys-
tems. One traditional sampling method is to utilize sequential
sampling. While the newest method is about CS-based UWB
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Fig. 1: A typical UWB positioning system

positioning system using low sampling rate ADCs and the
TDOA algorithm to achieve sub-mm accuracy [23] [35] [2] .
We note that there exist plenty of redundancy ora priori in-
formation in the UWB positioning system. The received UWB
signal is a combination of the transmitted UWB pulse, where
the pulse shape is called as the templatea priori information.
And the received UWB signals among base stations are similar
in space, where there exist the spatiala priori information.
The CS-based UWB positioning system is to utilize these
redundancies. By introducing template and spatiala priori
information, the CS-UWB algorithm can further lower down
the sampling rate and improve the capability of de-noise for
UWB signal reconstruction compared with other traditionalCS
algorithms. The optimized CS-UWB positioning algorithm can
quickly compute the position of the tag for fast target tracking.

Numerical simulation results investigate the performance
of the CS-UWB positioning algorithm for 1D, 2D, and 3D
UWB positioning error. The tested UWB echo signals are
drawn from the IEEE802.11b UWB standards with frequency-
dependent propagation channels [1]. Compared with the tradi-
tional OMP, BCS and BP algorithms, the CS-UWB algorithm
can reconstruct the UWB signal at the lowest sampling rate.
And the CS-UWB algorithm can achieve the best positioning
performance in the 1D experiment. In 2D and 3D experiments,
simulation results show that CS-UWB positioning algorithm
can achieve the best accuracy than the traditional sequential
sampling method. Therefore, BCS based UWB positioning
system as shown in [23] [35] [15] has better performance
compared with other similar systems.

The remainder of this paper is organized as follows. The
signal model of the CS-based UWB positioning system using
the sequential sampling method and CS scheme are formulated
in Section II, III and IV. We first introduce and analyze the
BCS algorithm in Section IV-A. The template and spatiala
priori information in the BCS algorithm are mainly introduced
in Section V. Simulation results of comparing different algo-
rithms and sampling methods are demonstrated in Section VI.
Finally, Section VII concludes the paper.

II. SIGNAL MODEL

In this section, we will introduce the UWB signal model.
Then we model the acquired UWB signal using the sequential
sampling method based on previous work [27]. Finally, the
CS-based UWB positioning system model is presented.

A. General signal model

The UWB pulse is repetitively transmitted at a fixed fre-
quency. The received UWB signal at one pulse repetition
period is defined asa frame. Then in the continuous time
domain, a frame of UWB signal,s(t), received at a base station
through multi-path channels can be expressed as:

s(t) =
M
∑

m=1

amp(t− tm)

=
M
∑

m=1

am exp

(

−
(t− tm)2

2σ2

)

, (1)

wherep(t) is the transmitted Gaussian pulse;σ represents the
width of the pulse;m is the number of resolvable propagation
paths;am is the amplitude attenuation of the signal along the
m-th path andtm is the time delay of them-th path. It is clear
that the received signal is actually a combination of the trans-
mitted Gaussian pulse with different delays and amplitudes.
Since the propagation channels are frequency dependent, the
received pulse may have some distortion on the pulse shape.
But we assume the received pulse is very similar to the
transmitted pulse [36], which can be approximately modeled
by Eq. (1). This pulse shape information in the received UWB
signal is named as templatea priori information. At the same
time, the received UWB signals at different base stations are
also very similar, which can be described as spatiala priori
information.

From the received signal at different base stations, the pulse
arrival time can be detected. We denote the pulse arrival atj-
th andi-th base stations astBSj and tBSi respectively. Then
the time differenceτji is obtained as:

τji = tBSj − tBSi = c ∗ (dj − di) (2)

wheredj represents the distance between the tag andj-th base
station, anddj represents the distance between the tag andi-
th base station.c is the propagation speed of microwave. The
time differenceτji implies the distance difference information.
In this paper, we assume the first arrival pulse peak indicates
the pulse arrival time in a LOS environment [36], which
has the largest signal amplitude [27]. When multiple time
difference information are collected from several base stations,
the position of the tag can be calculated by using the TDOA
algorithm [27] [28].

However, the TDOA algorithm requires a high sampling rate
to get the fine timing information for high positioning preci-
sion. In previous work [28], we adopt a sequential sampling
method for UWB signal acquisition.
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III. UWB POSITIONING SYSTEM BASED ON SEQUENTIAL

SAMPLING METHOD

The sequential sampling method is to utilize a small rel-
ative frequency offset between the tag and the receiver to
sequentially extend the received UWB pulses. Assume the
pulse repetition frequency isfp and the sampling frequency at
a base station isfs. So we have the equivalent sampling rate,

feq = |
1

1
fp

− 1
fs

| = |
fsfp

fs − fp
| (3)

It is observed that the equivalent sampling ratefeq is propor-
tional to the difference offs andfp. Considering the frequency
draft betweenfs andfp, the extended received signal and the
original signal can be expressed as:

s(t) = s(t+
1

fp
) (4)

r(n) = s(t+ n
1

fs ±∆f
) (5)

where r(n) is the digitalized signal using the sampling fre-
quencyfs with a relative draft frequency∆f . And s(t) is the
original UWB signal. In the time domain, comparings(t) and
r(n), the time scale is actually extended by a scaleKr,

Kr =
fp

|fs ±∆f − fp|
= K ±∆k (6)

where K is the expected scale number without the draft
frequency. Consequently, the pulse arrival time detected from
the signalr(n) should be:

tBSi
real =

tBSi
r(n)

Kr
=

tBSi

K ±∆k
(7)

dBSi =
tBSi
real

c
=

tBSi

c(K ±∆k)
(8)

where tBSi
r(n) is the pulse arrival time detected based on the

time-extended signalr(n) at thei-th BS.dBSi is the distance
from the tag to thei-th BS.

Obviously, the calculated distancedBSi is proportional
to the extension scaleKr, which is effected by the draft
frequency∆K. This error will also cause a serious geometrical
dilution. Normally, in the experiment, this∆k is about several
percentages ofK [27]. However, the estimated pulse arrival
time tBSi

real will deviate from the true value when the tag is
moving away from the center of base stations. In order to
overcome this problem, we have to adopt a real time high
resolution sampling method. We apply CS theory to UWB
systems to achieve real time sampling but using low sampling
rate ADCs.

IV. UWB POSITIONING SYSTEM BASED ON COMPRESSED

SENSING

Fig. 2 shows the structure of the CS-based UWB positioning
system. The amplified received UWB after the antenna is fed
into the analog matrix to mix the original UWB signal, which
can be obtained using low sampling rate ADCs to yield a
small amount of measurements. A possible analog hardware
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Fig. 2: Compressed sensing-based UWB positioning system

implementation scheme of the projection matrix can be found
in [29]. Then the measurementy at a base station is given by:

y = Φ(s + n1) + n2 = Φs+ ǫ (9)

whereΦ is a projection matrixΦ, (Φ ∈ RM×N ) at a base
station.y is aM -dimensional measurement vector. The UWB
signal s is a N-dimensional vector, representing a frame of
digitized signal. The additive noisen on the signal may be
from propagation channel, hardware devices, or coupled space
noise. And the noisen2 is added on the measurements, which
may be from projection matrix and digitalization error from
limited quantity effects of ADCs. The overall noise isǫ =
Φ(n1+n2). For mathematical convenience, we model the noise
ǫ as a additive white Gaussian distribution with zero-mean and
varianceβ.

The UWB signals can be reconstructed fromy using CS
algorithms. Note that the received UWB signal is well known
sparse, i.e. most elements ins are zero so that the amount of
the measurements can be dramatically smaller than the amount
of signal at a time interval, i.e.,M << N . Then we can
collect measurements at a low sampling rate to reconstruct the
high resolution UWB signal. From the reconstructed signal,
the pulse arrival time can be determined and thus the position
of the tag.

A. Bayesian Compressed Sensing

In this section, we first introduce the framework of the BCS
algorithm. Then the key step, maximizing the log-likelihood
function, is analyzed for UWB signal reconstruction.

B. Bayesian compressed sensing framework

The BCS algorithm builds a Bayesian regression approach
to reconstruct the original signal from measurements [14].
Starting from the Gaussian distributed noise model, it implies
a multivariate Gaussian distribution, which is given by

P (y|s, β) = (2π)−N/2β−N exp{−
‖y −Φs‖2

2β2
} (10)

The key of the BCS algorithm is to impose an exponential
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distribution on each signal element, which is given by

P (s|α) =

N
∏

i=1

(
αi

2π
)1/2 exp{−(si)

2αi

2
}

∼ N (s|0, (α)−2) (11)

The signal obeys a multidimensional Gaussian distribution,
which is given by

P (s|y, α, β) =
P (y|s, β)P (s|α)

P (y|α, β)

∼ N (s|µ,Σ) (12)

whereA = diag(αi). The covariance and the mean of the
signal are given by

Σ =
(

β−2(Φ)TΦ+A
)−1

(13)

and

µ = β−2Σ(Φ)T y (14)

Therefore, the mean of the distribution of the signal vectoris
regarded as the estimation of the signal,ŝ, and the covariance
can be viewed as the ”error bar”. The reconstructed signal
vector can be written as:

ŝ = β−2Σ(Φ)T y

= (ΦTΦ+ β2A)−1(Φ)Ty (15)

Note that the hyperparameter matrixA plays a key role.
Without the hyperparameters, BCS algorithm will degrade to
the least square method. In order to estimate the hyperpa-
rameters by maximizing the marginal log-likelihood function,
which is given by:

L(α) = logP (y|α, β) =

∫

P (y|s, β)P (s|α)ds (16)

Expectation-Maximization (EM) and incremental optimiza-
tion methods in [13] can be utilized to maximize the objec-
tive function for estimatingA. The incremental optimization
method is similar to the OMP algorithm, which is much
faster than EM. So that we adopt the incremental optimization
method [13] to optimize the objective function for UWB
signal reconstruction. More details are given in Appendix A
for completeness. In order to modify the BCS algorithm for
UWB signal reconstruction, we need to analyze the objective
functionL(α).

V. COMPRESSEDSENSING UWB SIGNAL

RECONSTRUCTION

In order to improve the performance of reconstructing UWB
signals, we need to exploit helpful redundant ora priori
information in UWB signals. There are two types ofa priori
information in the UWB positioning system:

• Templatea priori information. At one base station, the
received UWB signal can be regarded as a combination
of the transmitted UWB pulse with different amplitudes
and delays. Whin one frame, the nonzero elements are
clustered; it is impossible to have an isolated nonzero

element which means that its neighboring elements are
both zero. Moreover, as long as the pulse peak is ob-
tained, the amplitudes of neighboring elements can also
be approximately estimated according to the transmitted
pulse shape.

• Spatiala priori information. The transmitted UWB pulse
is intercepted at multiple base stations, thus incurring
spatiala priori information; The received UWB signals
among different base stations are very similar. Therefore,
we can combine the information of multiple base stations
to exploit the spatial redundancy.

More details about CS-UWB signal reconstruction by modi-
fying the BCS algorithm for UWB positioning systems can be
find in [23] [35] [15] [16].

A. Compressed Sensing UWB Positioning Algorithm

The TDOA algorithm is performed with the CS-UWB
positioning algorithm in parallel [23] [35] [16]. The iterative
TDOA algorithm is detailed in Appendix B. Traditionally,
the pulse arrival time cannot be obtained until the UWB
echo signal is fully reconstructed. However, both CS and
TDOA algorithms are computationally expensive. The CS-
UWB positioning algorithm can be utilized for fast target
tracking. At each iteration, the pulse arrival time is computed
and forwarded to the TDOA algorithm for computing the tag
position while the UWB signal reconstruction procedure is
still ongoing. This is based on the fact that the acquisition
of the pulse arrival time does not always require a perfect
signal recovery. And the result form the TDOA algorithm is
set as an initial for the next calculation. This method can help
the TDOA algorithm converge quickly as long as the initial
position is close to the true position.

the CS-UWB positioning algorithm for the UWB posi-
tioning system is detailed in [23] [35] [16]. In CS signal
reconstruction, the convergence condition depends on whether
the signal is well reconstructed. However, for UWB position-
ing system, the convergency condition is depending on the
detected pulse arrive time, which is given by:

|ti+1 − ti| < ε (17)

whereti+1 andti are defined as the pulse arrival time obtained
at two consecutive iterations.ε is a small value depending on
the final target positioning accuracy. Note that the noise level β
on the measurements is known so that the noise will not effect
the signal reconstruction, which is ignored in the algorithm.

VI. SIMULATION RESULTS

Numerical simulations are conducted to investigate the per-
formance of the CS-based UWB positioning system. In order
to achieve mm accuracy, we adopt a 300 pico-second width
Gaussian pulse as the transmitted signal [27]. The tested lossy
UWB propagation channels are drawn from the experimental
IEEE 802.15.4a UWB standards [1]. The received UWB pulse
has more or less shape distortion due to frequency dependent
loss on propagation channels. And the channel characteristics
are unknown to the receivers.
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We first demonstrate the performance of the CS-UWB
algorithm for UWB signal reconstruction compared with the
traditional OMP, BCS, and BP. Then 1D positioning error is
illustrated using different CS reconstruction algorithmswith
different amount of measurements. Finally, in 2D and 3D
scenarios, the CS-based UWB positioning system is compared
with the UWB positioning system using the traditional sequen-
tial sampling method.

A. 1D UWB Signal reconstruction

In the CS-based UWB positioning system, the high reso-
lution N -dimensional UWB signal vector can be indirectly
reconstructed from theM -dimensional measurement vector.
SinceM < N , the sampling rate to obtain UWB signal is
greatly reduced. We defined the reduction ratio of the sampling
rate as:

Rr =
M

N
=

fM

fN
, (18)

where in one frame of the received UWB signal. There have
a digitizedN -dimensional signal vector and aM -dimensional
measurement vector. AndfN represents the sampling rate to
acquire theN -dimensional signal vector andfM is denoted as
the sampling rate to collect the measurement vector. Reduction
ratio measures the reduction of the sampling rate by applying
the CS theory compared with the direct signal acquisition. And
we measure the quality of the reconstructed signal in terms of
the reconstruction percentage, which is defined as

Pre = 1−
‖s− ŝ‖2
‖s‖2

, (19)

wheres is the true signal and̂s is the reconstructed signal.
Fig. 3 compares the reconstructed UWB signal in time

domain using the CS-UWB algorithm and the traditional OMP,
BCS and BP algorithms. All algorithms utilize the same
amount of measurements (Rr = 0.15) and SNR ≈ 10dB.
The CS-UWB algorithm can achieve 48.2% reconstruction
percentage while BP can only approaches to 28.8%, BCS 3.8%
and OMP 8.8%. It is observed that the CS-UWB algorithm can
recover the main pulse and correctly find the pulse arrival time
with only 15% of sampling rate of direct signal acquisition.In
other words, the CS-UWB algorithm has the best performance
in time domain compared with the traditional OMP, BCS and
BP algorithms.

Fig. 4 shows signal reconstruction performance with differ-
ent sampling rate using different algorithms. The reduction rate
varies from 0.1 to 0.3. With the growth of the sampling rate,
the quality of the reconstructed signal increases for the CS-
UWB, BP, BCS, and OMP algorithms. Note that the signal
reconstruction percentage using the CS-UWB algorithm is
much higher than other three algorithms at the same sampling
rate. For instance, when the 0.21 reduction rate is 0.21, the
CS-UWB algorithm can achieve to 81% of reconstruction
percentage while other three algorithms cannot approach more
than 50%. Therefore, the CS-UWB algorithm still has the
best performance for different sampling rates for UWB signal
reconstruction.
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Fig. 5 illustrates 1D positioning performance using different
algorithms. The error is calculated based on the difference
between the true pulse peak and the pulse peak in the recon-
structed UWB signal. If we utilize the reconstructed UWB
signal for positioning purpose, the CS-UWB algorithm has
the best positioning performance compare with the OMP, BP
and BCS algorithms. With the growth of the compression
rate, the 1D positioning errors using all algorithms are all
dramatically decreased since the reconstructed UWB signalare
close to the true signal with more measurements. However, at
the same compression ratio, the CS-UWB algorithm has the
best positioning accuracy. And CS-UWB algorithm requires
the lowest compression ratio compared with OMP, BP and
BCS.

B. 2D UWB positioning performance

The dominating factors in the UWB positioning system
using the sequential sampling method are essentially different
from the CS-based UWB positioning system using CS-UWB
positioning algorithm. The sequential sampling method is the
bottleneck to achieve a very high positioning accuracy in the
UWB positioning system [27] [28] because it is not a real
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time signal acquisition method. We simulate 2D positioning
performance using the CS-UWB positioning algorithm and the
sequential sampling method [27] [28] for UWB positioning
systems. Three base stations are utilized and the tested UWB
echo signals have a certain level noise (SNR≈10dB).

Fig. 6 and Fig. 7 show the 2D positioning error in a square
area using the sequential sampling method and the UWB-
CS algorithm. It is observed that the error using CS scheme
is even distributed but the error using sequential sampling
method has a high accuracy area. The worse error accuracy
in CS-based 2D UWB positioning system is about 10mm
while the worse error is more than 40mm using the sequential
sampling method. It is well known that there exist geometry
error dilution in the TDOA algorithm. Unfortunately, UWB
positioning system using the sequential sampling method can
degrade this effect since the error of the pulse arrival timecan
not be accurately detected.

C. 3D UWB positioning performance

We investigate 3D positioning performance using the CS-
UWB positioning algorithm and the sequential sampling
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Fig. 8: 3D CS-based positioning system performance using the
UWB-CS algorithm

method [27] [28] for UWB positioning systems. The sim-
ulation is performed in a 5m×5m×4m room, where four
base stations are placed at the following positions: (0, 0,170),
(4000, 0, 1855), (4410, 4435, 2860) and (0, 4545, 3260)
(in millimeters). The noise is added to the original signals
(SNR≈10dB). The 3D UWB positioning error is based on the
received UWB signals at base stations using the sequential
sampling method and the CS-UWB positioning algorithms.

Fig. 8 and Fig. 9 show the performance comparison of
the UWB positioning system using the CS-UWB positioning
algorithm and the sequential sampling method. It is seen
that the positioning accuracy is significantly improved by
using the CS-UWB positioning algorithm in the CS-based
UWB positioning system. The mean of error using CS-based
sampling method is 0.92mm in Fig.8; while it is about 6.45mm
by using the sequential sampling method Fig. 9. Moreover,
Fig.8 shows that the error is unevenly distributed. The min-
imum error is achieved when the tag is at the geometrical
center point, where the distance difference is zero (τji = 0).
When the tag is moving close to the base station and the
distance differences are significantly increasing, the error
will be dramatically enlarged. However, when we apply CS
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Fig. 9: 3D positioning system performance using sequential
sampling method

theory into the UWB positioning system, the error is evenly
distributed, as demonstrated in Fig. 9. The standard error
variance using the sequential sampling method as shown in
Fig. 8 is much larger than that using the scheme in Fig. 9.
Besides improving the positioning accuracy, other advantages
of using CS-UWB positioning algorithm in CS-based UWB
positioning system include real time and high speed. And also
note that the CS-based UWB positioning system using the CS-
UWB positioning algorithm will be a breakthrough, which
has a potential to achieve much higher accuracy. Therefore,
the positioning performance using the CS-UWB positioning
algorithm in the CS-based UWB positioning system can be
significantly improved compared with the system using the
traditional sequential sampling method. And the CS-UWB
positioning algorithm can utilizea priori information in CS-
based UWB positioning system can obtain a high timing in-
formation but using a low compression ratio and low sampling
rate ADCs to achieve a very high positioning accuracy.

VII. C ONCLUSIONS

In this paper, we survey UWB positioning systems with
different sampling methods. The CS-based positioning system
can achieve mm accuracy by using low sampling rate ADCs.
Simulation results compare performance of different UWB
positioning systems, in which CS-based UWB positioning
system is able to achieve significantly higher accuracy thanthe
sequential sampling based UWB positioning system. There-
fore, BCS based UWB positioning system as shown in [23]
[35] [15] has better performance compared with other similar
systems.

APPENDIX A
FAST MAXIMIZING THE OBJECTIVE FUNCTION

The key of the BCS algorithm is to optimize the objective
function. The marginal log-likelihood function is expanded to,

log p(y|α, β) = log

∫

P (y|u, β)P (u|α)du

= −
1

2
(Nlog2π + log|E|+ yTE−1y)

= L1(α−j) + l1(αj) (20)

where

E = β2I +ΦA−1ΦT

= β2I +
∑

k 6=j

α−1
k φkφ

−1
k + α−1

j φjφj

= E−j + α−1
j φjφj (21)

and

L1(α−i) = −
1

2
(Nlog2π + log|E−j|+ yTE−1

−j y) (22)

l1(αj) =
1

2
(logαj − log(αj + gj) +

h2
j

αj + gj
(23)

The quantitiesgj andhj are defined as

gj = φT
j E

−1
−jφj (24)

hj = φT
j E

−1
−j y (25)

E−j = β2I +
∑

k 6=j

α−1
k φkφ

−1
k (26)

By maximizing the terml1(αj), the optimalαj is given by

αj =







h2

j

g2

j
−hj

, if g2j − hj > 0; −→ sj 6= 0

∞, otherwise.−→ sj = 0
(27)

APPENDIX B
TDOA ALGORITHM

Let (xi, yi, zi), i = 1, 2, ...I be the known position coor-
dinates of thei-th base station. And let (xt, yt, zt) be the
unknown tag location. The distance from thei-th base station
to the tag is denoted byDi. Then, between the1st andi-th
base station, the difference of the pulse arrival timeτ1i can
be obtained from the received UWB signal using Eq. (2). And
the range differenceD1i is given by

τ1i = cD1i, i = 2, 3, ...I, (28)

and

D1i =
√

(x1 − xt)2 + (y1 − yt)2 + (z1 − zt)2

−
√

(xi − xt)2 + (yi − yt)2 + (zi − zt)2, (29)

where c is the propagation speed. Taking the derivative on
both sides of the equation, we have

dD1i =
(xi − xt)dxt + (yi − yt)dyt + (zi − zt)dzt
√

(xi − xt)2 + (yi − yt)2 + (zi − zt)2

−
(x1 − xt)dxt + (y1 − yt)dyt + (z1 − zt)dzt
√

(x1 − xt)2 + (y1 − yt)2 + (z1 − zt)2
. (30)

For thei-th base station with respect to the1st base station,
the matrix is given by











dD12

dD13

...
dD1i











=











α11 α12 α13

α21 α22 α23

...
...

...
αi1 αi2 αi3















dxt

dyt
dzt



 , (31)



8

where, we have

αi1 =
x1 − xt

D1
−

xi − xt

Di
(32)

αi2 =
y1 − yt

D1
−

yi − yt

Di
(33)

αi3 =
z1 − zt

D1
−

zi − zt

Di
. (34)

TDOA computation starts with an initial guess position of
the tag, (xt, yt, zt). By iteratively updating and solving Eq.
(31), TDOA will gradually converge to the true position.
The computation continues until the error is below a certain
threshold, which is given by

err =
√

(dxt)2 + (dyt)2 + (dzt)2. (35)
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